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INTRODUCTION 
The substitute-structure method is a procedure for determining the 
design forces, corresponding to a given type and intensity of earthquake 
motion represented by the design spectrum, for a reinforced concrete 
structure. The method is explicitly a design (and not an analysis) 
procedure: its objective is to establish the minimum strengths the 
components of the structure must have so that a tolerable response 
displacement is not likely to be exceeded. 
The central and significant feature of the substitute-structure 
method is that it provides a simple vehicle for taking account of inelastic 
response of reinforced concrete in the design of multi-degree-of-freedom 
structures. The specific advantages are: (1) use of 1 inear-response 
models for dynamic analysis, (2) choice in setting limits of tolerable 
response in different elements of the structure, and (3) del iberate 
consideration of displacements in the design process. 
This paper demonstrates the application of the method to structures 
satisfying the following: 
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1. The system can be analyzed in one vertical plane. 
2. No abrupt changes in geometry or mass along the height of 
the system. 
3. Columns, beams, and walls (represented as columns) may be 
designed with different limits of inelastic response, but 
the limits should be the same for all beams in a given bay 
and all columns on a given axis. 
4. All structural elements and joints are reinforced to avoid 
significant strength decay as a result of repeated reversals 
of the anticipated inelastic displacements. 
5. Nonstructural components do not interfere with structural 
response. 
In addition to a detailed description of the method, the paper 
includes a series of Iltests.1I Frames, ranging in height from 2 to 10 
stories, are designed for a particular response spectrum using the 
substitute structure method. These frames are then "subjected" to 
various earthquake motions: their responses are calculated using inelastic 
dynamic analysis based on a realistic hysteresis for reinforced concrete. 
SMOOTHED RESPONSE SPECTRA 
Figures 1 and 2 contain acceleration response spectra for eight 
recorded ground-motion components listed in Figure 3. Response data are 
shown for two damping factors, S = 0.02 and 0.10, with each record 
normal ized to an acceleration of 0.5g. 
The first six motions were grouped together because their 1 inear-
response spectra have similar shapes. As indicated by the plot in Fig. 3, 
maximum acceleration and spectrum intensity (4) which provides a rationale 
for normalizing them with respect to maximum acceleration. Linear-response 
spectra for motions 7 and 8 are distinctly different from those for the 
first six. They have been treated individually. 
It is not the object of this work to propose a generalized response 
spectrum. However, to test the proposed procedure it is necessary to 
work with a smoothed set of spectra which describe the calculated response 
for the individual strong motion records. For that purpose, the curves 
shown by heavy solid 1 ines in Fig. 1 and 2 were selected. 
It was assumed that the design response acceleration for any damping 
factor, 6, could be related to the response for 6 = 0.02 using Eq. 1. 
Response acceleration for 6 8 --~----~~--~~~~~~~---- = ~------Response acceleration for 6=0.02 6 + 1006 (1) 
In choosing the design spectra, more weight was placed in making 
them comparable to the calculated values at 6 = 0.10 than at 6 = 0.02, 
because values of the damping factor on the order of 0.1 rather than 0.01 
are typical in appl ications of the substitute-structure method. An effort 
was also made to select curves, especially those in Figure 1, described by 
simple expressions. 
DESCRIPTION OF THE METHOD 
Main characteristics of the substitute-structure method are (a) defi-
nition of a substitute frame, with its stiffness properties related to 
but differing from the actual frame, and (b) calculation of design forces 
from a modal spectral analysis of the substitute frame using a 1 inear-
response spectrum {or from a 1 inear-response-history analysis for a given 
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ground motion.) The operations may be divided into three streps: 
(1) Based on tolerable 1 imits of inelastic response, determine 
the stiffnesses of the substitute-frame members. 
(2) Calculate modal frequencies and damping factors for the 
substitute structure. 
(3) Determine design forces. 
Details of the procedure for each step are described below, followed 
by a numerical example. 
It is assumed that preliminary member sizes of the actual structure 
are known from gravity-load and functional requirements, precedent, or 
a previous trial. 
The Substitute Structure. The flexural stiffnesses of substitute-frame 
elements are related to those of actual-frame elements in accordance with 
Eq. 2. 
(Ei) . = (EI) ./ll. 
Sl at I 
(2 ) 
where (ES) . and (EI) . are cross-sectional flexural stiffnesses of the 
s I a I 
element i in the substitute and actual frame, respectively, and lJ. is the 
I 
selected tolerable "damage ratio" for element i. 
Physical interpretation of the damage ratio for a particular condition, 
a moderately reinforced slender beam subjected to antisymmetrical end 
moments, is illustrated in Fig. 4. The sol id curve in Fig. 4c represents 
the relationship between the appl ied moment, M, and the end rotation, G, 
caused by flexural deformation within the span. 
The term (EI) is calculated using the fully cracked section (linear 
a 
stress-strain curves and no tensile strength for concrete). The M-G 
curve, based on (EI) , corresponds approximately to a line drawn from the 
a 
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origin to the "yield point" of a section with compactly placed tensi le 
reinforcement having a definite yield stress. The damage ratio, ~, 
sets a lower slope and implies that a rotation, approximately ~8 , will y 
be attained if the effective or average stiffness of the member is changed 
as indicated in Eq. 2. In that respect, the damage ratio, ~, is comparable 
to but not exactly the same as "ducti 1 iti' based on the ratio of maximum 
to yield rotation. Quantitatively, damage and ductil ity ratios are ident-
ical only for elasto-plastic response. It must be emphasized that a 
damage ratio of, say, six requires a larger ratio of "ductility" based on 
curvature or strain in members with moment gradients. 
Choice of tolerable damage ratios for structural elements is governed 
by the nature, cost, and function of the entire building as well as on the 
type and detail ing of the elements. Recommendation of specific values 
is beyond the scope of this paper. To permit quantitative demonstrations, 
it will be assumed that tolerable damage ratios are unity for columns and 
six for the beams, in keeping with the approach that energy should be 
dissipated primarily in the beams which are often more convenient to 
detai 1 for sustained resistance through many cycles of response into the 
inelastic range. 
Modal Frequencies and Dam~ing Factors. Periods or frequencies and mode 
shapes and modal forces for the undamped substitute structure are obtained 
from a 1 inear response analysis. 
The modal damping factors for the substitute structure are calculated 
as described below. 
It was observed (3) that the maximum inelastic earthquake response 
of single-degree-of-freedom reinforced concrete systems could be estimated 
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by analyzing a 1 inear model with reduced stiffness and a substitute 
damping factor related to the damage ratio approximately as follows. 
s = 0.2 (1 - (l/(].1) 1/2)) + 0.02 
s 
where S = substitute (equivalent viscous) damping factor and ].1 = 
s 
damage rat i o. 
Equation 3 is based on dynamic tests of reinforced concrete elements 
(16) and one-story frames (3). The form of the expression was derived 
(3) from a model by Jacobsen (6). It provides a quantitative estimate 
of the amount of equivalent viscous damping required to simulate the 
observed effect of hysteretic damping on the response of a reinforced 
concrete element to earthquake excitation. Various approaches to the 
linear representation of nonl inear response are discussed in ref. 1, 2, 
5,6,8, 11, 15, and 17. 
If the individual elements of a frame are designed for different 
values of ].1, individual values of Ss have to be combined to obtain a 
sin g 1 e I I S me are d II val u e for use i n mo d a 1 a n a 1 y sis . I nth e sub s tit ute -
structure method this is done by assuming that each element contributes 
to the modal damping in proportion to its relative flexural strain energy 
associated with the modal shape: 
P. 
I .1. S 
2: P. " s i 
I 
L 
Pi = 6(EI) . 
Sl 
(4) 
(5) 
where S = smeared damping factor for mode m, L = length of frame element, 
m 
(EI)si = assumed stiffness of substitute-frame element i, Mai and Mbi = 
moments at ends of substitute-frame element i for mode m. 
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An alternate method of obtaining modal damping factors for the 
substitute structure is provided by elements with complex stiffness (10, 
14) . 
k . 
Sl 
(6 ) 
where k . = stiffness of substitute-frame member i, k . = stiffness of 
s I a I 
actual-frame member i, w. = tolerable damage ratio for member i, and 
I 
Ssi = substitute damping for member i from Eq. 3. 
Dynamic equilibrium of the entire substitute structure can then be 
expressed by Eq. 7. 
(7) 
where [M] represents the mass matrix, [K1] and (K2] represent the real 
and imaginary parts of the stiffness matrix, and x refers to the displace-
ments. Modal frequencies and damping factors are determined by solving 
for eigenvalues of the complex matrix. 
Both methods give closely comparable answers. The method based on 
strain energy was used in this paper because of its simplicity and because 
of its direct relationship to the physical interpretation of the substitute 
structure. 
Design Forces. Design forces in individual elements are based on the root-
sum-square combination ampl ified by a factor given in terms of the base 
shear. 
F. 
I 
F. 
I rss 
v + V b 
?'\ rs s a s 
2 V (8) 
rss 
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where F. = design force in element i, F. = square root of the sum 
I I rss 
of the squares (RSS) of the modal forces for member i, V = base shear 
rss 
based on RSS of modal base shears, V b = maximum value for absolute sum 
a s 
of any two of the modal base shears. 
To reduce risk of excessive inelastic action in the columns, the 
design moment from Eq. 8 should be amplified for columns by a factor 
of 1. 2. 
NUMERICAL EXAMPLE 
Consider the three-story planar frame described in Fig. 5b. Design 
forces are to be determined for response spectrum A shown in Fig. 
(Characteristic ground acceleration = 0.5g). It is assumed that 1.1 = 1.0 
for columns and 1.1 = 6.0 for beams. let E = 3.6 x 106 psi = 2.5 x 104 MPa 
for concrete. 
Moments of inertia indicated in Fig. 5a refer to gross plain cross 
section. Because the amount of reinforcement in the frame members is not 
known at this stage of design, it is assumed that the ratio of cracked-
to gross-section moment-of-inertia is 1/2 for columns and 1/3 for beams. 
Moments of inertia of the substitute frame are obtained from Eq. 2, 
noting that I . refers to cracked section. 
al 
For the columns, I = 1.33/2 = 0.67 ft 4 = 5.8 x 10- 3 m4 
c 
4 -4 4 For the beams, Ib = 1.95/(3 x 6) = 0.11 ft = 9.5 x 10 m 
Modal periods, shapes, and forces (for a nominal response acceleration 
of 1.0g) are calculated for the substitute structure using a 1 inear 
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dynamic response analysis.* 
For the three-story frame (Fig. 5), the calculated periods were 
0.85, 0.19, and 0.078 sec. The moments calculated for an arbitrary 
nominal response acceleration of 1 .Og are shown in Fig. 5c for each mode. 
Substitute damping factors are obtained from Eq. 3. 
For the co 1 um n s , 
For the beams, s = 0.2 (1-1/(6) 1/2) + 0.02 = 0.14 b 
The smeared damping factor for each mode is determined using Eq. 4 
and 5. Because strain energy is involved as a relative magnitude, 
quantities in Fig. 5c can be used. To demonstrate a step in the cal-
culations, consider P. for a first-story column for the first mode 
I 
(Eq. 5), 
11.0 2 2 
PI = 6.0*5.2*105*0.67 [(1170) + (256) + (1170*256)] = 9.1 k-ft = 12.3 kN-m 
Performing the above operation for each member in each mode, the 
following relative proportions are obtained. 
Mode Mode 2 Mode 3 
EP . d /EP. d 1 glr ers glr ers + co . 0.55 0.21 0.04 
EP /EP . 
columns gl rders + col. 0.45 0.79 0.96 
Modal damping factors for the substitute structure are (Eq. 4) 
Sl = 0.14 ii, 0.55 + 0.02 ,', 0.45 = 0.086 
S2 0.14 .. }-: 0.21 + 0.02 if, () 7Q = () ()I..a.c::. '" • I J ...., . ...., '..-' 
S3 = 0.14 .. /:: 0.04 + 0.02 ",;', 0.96 = 0.025 
*Use a standard computer program for 1 inear dynamic analysis available 
at the accessible computer center. Examples are TABS (Univ. of Cal", 
Berkeley), APPLE PIE (MIT, Cambridge, Mass.) and SUSHI (Univ. of 111., 
Urbana). 
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The spectral acceleration response for each mode is then calculated 
using Eq. 1 with the pertinent damping factor. Resulting curves are shown 
schematically in Fig. 5a. 
Base shears are most conveniently handled in terms of the "base 
shear coefficient ll , ratio of response base shear to weight of building. 
v = (v for 1.0 g) * (SA /g) 
m m m 
where vm = base shear coefficient for mode m, SAm = design response 
acceleration for mode m, g = acceleration due to gravity. Values for 
(v for 1.0g) are obtained directly from the dynamic analysis. 
m 
v 1 = 0.77 ~" 0.48 = 0.37 
v2 = 0.18 
";'\ 1 . 4 = 0.25 
v3 = 0.053 ,~ 0.92 = 0.049 
v = 0.37 + 0.25 = 0.62 abs 
v rss 
= 1(0.37)2 + (0·,25)2 + (0.049)2 = 0.45 
Design moments are calculated (Eq. 8) using the values in Fig. 5c 
modified for the appropriate design response acceleration. For example, 
the moment at the base of the first-story column for the first mode 
becomes 1170 * (0.48) = 560 kip-ft = 760 kN-m. Thus, the design moment 
at the same section is 
= 850 kip-ft = 1150 kN-m 
The factor 1.2 is used for columns only. The actual design moment 
(earthquake) depends also on load factors deemed necessary in relation to 
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1 ikel ihood of design motion, expected qual ity of construction, and level 
of design stresses. 
Lateral displacements of the frame are obtained from dynamic 
analysis of the substitute structure, with the appropriate damping factors 
Sl' 62 , and S3 and response accelerations. Calculated modal displacements 
are listed below in ft. 
Mode 1 
Level 3 0.37 
Level 2 0.22 
Level 0.07 
~~ode 2 
-0.015 
0.019 
0.018 
Mode 3 
0.0004 
0.0011 
0.0015 
As would be anticipated, the first mode governs the response. In 
this case, calculation of RSS values is unnecessary. Thus, the maximum 
displacement at Level 3 is estimated to be approximately 4.5 in. (0.11m). 
On the same basis, maximum relative story displacement is expected to 
approach two in. (0. 05m) in the event of the des i gn earthquake. 
The response of a three-story frame, designed to resist the forces 
obtained as described above at yield level, to various ground motions 
is evaluated later in this paper along with other frames designed similarly. 
TESTS OF FRAMES WITH RIGID BEAMS 
EVen though the substitute-structure method constitutes only a part of 
the entire design process, its result; a particular set of design forces, 
represents a synthesis of various decisions and the method is therefore 
best.judged by the end product: whether the resulting system fulfills 
the original intent. This and the following sections describe "tests" 
of frames IIdesigned
'
! using the method. The tests were analytical. Design 
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forces for a series of frames were determined. Then, inelastic responses 
of these frames, with members having flexural yield capacities determined 
by the design process, to various ground motions were calculated. 
The first series of frames, described in this section, were limited 
to frames with rigid beams, in order to permit investigation of several 
variables within a reasonable computation budget. The frames ranged 
from two to ten stories of eleven ft (3.35 m) with a weight of 72 kips 
(320 kN) concentrated at each story. The initial story stiffness (corres-
ponding to cracked-section properties of reinforced concrete columns) 
was determined by assuming that the natural period of the system to be 
O.lN, where N is the number of stories. Two different groups of frames 
were considered. For the first group, story stiffness was assumed to be 
the same at all stories (designated as " un iform"). For the second group, 
story stiffnesses were assumed to vary so as to produce a 1 inear first-mode 
shape. 
The frames were "designed!! for a target damage ratio, 11, of six using 
spectrum A (Fig. 1). Base and top-story shear coefficients are 1 isted 
in Table 1. The effective damping factor was the same for all modes 
(0.14) because energy is assumed to be dissipated only by one class of 
elements. Each frame was then Iitested" using the first six ground motions, 
normal ized to a characteristic acceleration of 0.5 g, indicated in Fig. 3. 
The response history was calculated at each level using the hysteretic-
response rules defined in reference 16. Tensile strength of the concrete 
was ignored. The yield moment was set at the design requirement, the 
initial stiffness being determined by the selected period. Stiffness 
beyond yield was taken as five percent of the initial stiffness. The 
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analysis was made with an equivalent viscous damping proportional to 
stiffness, amounting to a damping factor of 0.02 for the first mode. 
Results Test. Results of inelastic-response calculations are summarized 
i n Fig. 6 for bot h s e r i e s 0 f f r a me s ( II U n i form s t iff n e s s II and "vary i n 9 
stiffnessJl). The calculated maximum damage ratio at each level is plotted 
using a different symbol for each ground motion. A bar at each level 
indicates, for all six ground motions, the mean damage ratio (left end 
of the bar) and the mean plus one standard deviation (right end). 
The data in Fig. 6 show that the distribution of the characteristic 
damage ratio (mean plus one standard deviation) was reasonably uniform 
over the height of the structures, with the values at the top story 
typically low. It is also seen that given a certain structure, the 
damage ratio at different levels was quite different for different ground 
motions, even though the six ground motions selected had generally similar 
response spectra. 
Histograms of all calculated damage ratios are shown in Fig. 7. The 
overall means were less than 7.5 for both series (6.9 for frames with 
uniform stiffness and 7.3 for frames with varying stiffness). Considering 
that these mean values can be controlled by the choice of the spectral-
response curve, method of summing modal components, or by a load factor, 
the results are positive in that, on the whole, the distribution of the 
mean and characteristic values over the heights of the buildings (Fig. 6) 
are reasonably uniform. 
Strength Distribution over Height of Structure. A study waS made of the 
distribution of story strength over the height of the building. Two 
frames {one with ten and the other with six stories} of each series were 
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redesigned with the same base shear strength but with the column strength 
varying as the story shears calculated for the first mode, rather than 
according to the RSS distribution. 
Inelastic response of these four frames were calculated using motion 
no. 1 (Fig. 3). The results are illustrated in Fig. 7. It appears that 
even if the RSS distribution is sl ightly more complicated to use and 
resulted usually in an overdesign (Fig. 6) of the top-story columns, it 
is preferable to the FM distribution which resulted in large damage 
ratios in the top stories (Fig. 7). Figure 7 also illustrates the 
sensitivity of the calculated inelastic response displacement to variations 
in strength. Top-story shear strength was reduced less than 40 percent 
in going from RSS to FM distribution, but the response displacements at 
this level increased by an order of magnitude. 
Ground-Motion Characteristics. The plot in Fig. 3 comparing maximum accel-
eration with spectrum intensity for the eight ground motions indicates 
that motions 7 and 8 have special characteristics. Motion 7, which plots 
below the i ine representing spectrum A, is evidently a more severe ground 
motion than indicated by its characteristic maximum acceleration. Using 
spectrum A, with acceleration as the index value, would underrate its 
effect. On the other hand~ the same approach would overrate motion 8. 
Open circles in Fig. 8 indicate response damage ratios for frames 
des i gned us i ng spect rum A and then liS ubj ected" to mot ions 7 and 8 
normalized to a maximum acceleration of 0.5g. Although results are within 
extreme values shown in Fig. 6, it is evident that the frames have been 
underdesigned for motion no 7 and overdesigned for motion no. 8, a result 
to be anticipated from Fig. 3. This represents a failure of the design 
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spectrum A rather than of the substitute-structure method. 
Sol id circles in Fig. 8 indicate response damage ratios for frames 
proportioned according to design spectra B or C fitted to calculated 
response spectra for motions 7 and 8 (Fig. 2). These results are satis-
factory, despite the tendency to overdesign the upper stories. 
In relation to the success of the final design, the shape of the 
design spectrum is more critical than its magnitude. Overall magnitude 
of the spectrum can be compensated plausibly at another level of the design 
process. But the only stage where the frequency content (but not 
sequence) of the ground motion can be intel1 igibly anticipated is in the 
spectrum shape. 
In this context, a critical feature of the substitute-structure method 
should be discussed. The method becomes plausible only with the under-
standing that the force response decreases as the structure becomes more 
flexible. If the characteristics of the ground motion are such that, in 
the range of the lower modes of the structure, the spectral acceleration 
response increases with an increase in period, it becomes necessary to 
assume a constant acceleration response for design up to that period at 
which response starts decreasing, unless the method is used iteratively, 
an alternative which is usually not desirable. In design spectra used 
in this paper, the portion of the spectrum at frequencies higher than 
approximately six Hz was chosen to decrease with increase in frequency 
because contributions of modes in this range were small and because they 
were more than compensated for by the reductions in the contributions of 
the lower modes. However, if the concern had been with structures having 
their lowest modes in this range, it would have been necessary to assume 
a flat response acceleration at the maximum ampl ification for all 
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frequencies above six Hz. In effect, the response curve must be such that 
the total base shear reduces as the structure becomes more flexible. 
TESTS OF FRAMES WITH FLEXIBLE BEAMS 
Three frames (Fig. 9) were designed for spectrum A with target 
damage ratios of ~ = 6.0 in the beams and ~ = 1.0 in the columns. 
Calculated periods and modal damping factors are shown in Table 2. 
Design forces for each element were determined as discussed specifically 
for the three-story frame. Frame elements were assigned yield moment 
capacities indicated by the design procedure, columns being designed for 
the governing top or bottom design moment. The design base shear coeffi-
cients, v, were 0.54, 0.30, and 0.15 for the three-, five- and ten-story 
frames respectively. 
Response histories of each frame to motions 1-6 were calculated by 
an inelastic dynamic analysis program for frames, SAKE (13). Results 
of such analyses are compared with dynamic test results in reference 12. 
The assumed hysteresis and viscous damping was the same as those for the 
frames with rigid beams except that the stiffness after yielding was 
three percent of the initial stiffness. 
Test Results. Mean beam damage ratios shown in Fig. 10 (left edges of 
the rectangles) present a favorable picture. They were all less than the 
target value of six and their distribution over the height of the structure 
was reasonably uniform. The same was true of the characteristic damage 
ratios (mean plus one standard deviation) which did not exceed seven. 
However, there was one motion which resulted in relatively large damage 
ratios (motion 2). Tuning the design method to maintain damage ratios 
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below six for all motions considered is possible but uneconomical. 
Furthermore, unless the design is ridiculously conservative, there is 
the possibility of another ground motion, with the same characteristic 
maximum acceleration and response spectrum, which may result in larger 
damage ratios than motion 2. 
Maximum damage ratios indicated for the columns may be evaluated 
from two different viewpoints. One viewpoint would be to tolerate the 
few locations where the damage ratio has exceeded unity because (a) mean 
values for the six motions were always less than unity and (b) individual 
maxima, again for motion 2, were barely over two. in this light, the test 
results are considered as positive. 
Another viewpoint would be to consider any column rotation into the 
inelastic range as unacceptable, in view of the difficulties involved 
in developing "ductility!' in axially loaded reinforced concrete elements. 
As indicated earl ier in the paper, to maintain the columns in the 
elastic range requires special precautions (9). Consider, for example, a 
one-bay one-story frame. Lateral-load analysis of any type would result 
in equal moment-capacity requirements In the beam and the columns. If 
the two types of members are proportioned to have the same flexural 
strength, either one may develop inelastic rotations. In the design 
procedure described, the column moments are determined by amplifying 
the results of Eq. 4 by a factor of 1.2. Table 3 shows calculated damage 
ratios for three five-story frames subjected to ground motion 2. Frame 
Y was based on the described procedure. Frames X and Z were based on 
column design moments obtained by multiplying the results of Eq. 4 by 
1.1 and 1.4, respectively. 
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Column damage ratios for frame Y exceeded unity at three joints, 
reaching a maximum value of 3.7. As discussed earl ier in reference 
to Fig. 10, frame Y damage ratios exceeded unity at two joints but were 
close to two. All columns of frame Z had damage ratios less than unity. 
It is evident that columns may be maintained in the linear range by 
increasing the design moments. However, considering that a column 
"overstrength" factor of 1.2 resulted in damage ratios exceeding unity for 
only one of the six ground motions (Fig. 10) and that these were not 
intolerably large, it is considered to be adequate. Gravity-load or 
other requirements may also change the relative strengths of beams and 
columns in favor of the latter. If the strength ratio goes in favor of 
the beam and if the designer desires ~ = 1.0 or less for the columns, he 
must "overridel' the final design proportions. 
SUMMARY 
From the observation that the inelastic response to earthquakes of 
reinforced concrete elements could be represented by a linear-response 
model, a procedure was developed in reference 3 which incorporated the 
effects of inelastic energy dissipation to determine the design force for 
a single-degree-of-freedom structure using the ordinary linear-response 
spectrum. The substitute-structure method extends this procedure to 
multi-degree-of-freedom structures. 
The proposed method can be used to determine earthquake design-
force requirements for individuai elements of a RiC structure given a 
design 1 inear-response spectrum and explicit decisions about tolerable 
inelastic response, with the option of different limits of inelastic 
19 
response in different structural elements. 
The paper includes a numerical example demonstrating the determina-
tion of design forces in a three-story frame and a series of analytical 
tests of the method using two- to ten-story frames. 
ACKNOWLEDGMENTS 
The work leading to the substitute-structure method was sponsored 
by Research Applied to National Needs Program of the National Science 
Foundation through Grant G129934 at the Civil Engineering Department of 
the University of 111 inois, Urbana. Dr. Shibata1s participation was 
made possible by the US-Japan Cooperative Science Program under the 
auspices of Japan Society for Promotion of Science and U. S. National 
Science Foundation. The IBM 360/75 computer system of the Department 
of Computer Science, Univ. of 111., was used for computations. 
The writers are indebted to Professor S. Otani, Univ. of Ill., for 
his critical thoughts which have influenced the paper and for use of 
computer programs SAKE and SUSHi. 
APPENDIX I. - REFERENCES 
1. Caughey, T. K., "Random Excitation of a System with Bilinear Hysteresis,'! 
Journal of Appl ied Mechanics, ASME, Vol. 27, No.4, Dec. 1960, pp. 649-
652. 
2. Caughey, T. K., "Sinusiodal Excitation of a System with Bilinear 
Hysteresis," Journal of Applied Mechanics, ASME, Vol. 27, No.4, 
Dec. 1960, pp. 640-643. 
3. Gulkan, P. and Sozen, M. A., 'llnelastic Response of Reinforced Concrete 
Structures to Earthquake Motions;' Journal of the American Concrete 
Institute, v. 71, No. 12, December 1974, pp. 601-609. 
20 
4. Housner, G. W., "Behavior of Structures during Earthquakes," Journal 
of the Engineering Mechanics Division, ASCE, Vol. 85, No. EM4, October 
1959, pp. 1 08-129. 
5. Hudson, D. E., "Equivalent Viscous Friction for Hysteretic Systems 
with Earthquake-Like Excitations,1i Proceedings, Third World Conference 
on Earthquake Engineering, New Zealand, 1965, pp. II 185-202. 
6. Idris, I. t1., Seed, H. B., "Seismic Response of Horizontal Soil 
Layers,!' Journal of the Soil Mechanics and Foundation Division, ASCE, 
Vol. 94, No. SM4, July 1968, pp. 1003-1031. 
7. Jacobsen, L. S., "Steady Forced Vibration as Influenced by Damping,!! 
Transactions, ASME, Vol. 52, Part 1, 1930, pp. APM 169-181. 
8. Jennings, P. C., "Equivalent Viscous Damping for Yielding Structures,'1 
Journal of the Engineering Mechanics Division, ASCE, Vol. 94, No. EM1, 
Feb. 1968, pp. 103-116. 
9. Kobori, T., Minai, R. and Fujiwara, T., "Earthquake Response of Frame 
Structures Composed of Inelastic Members," Proceedings, Fifth World 
Conference on Earthquake Engineering, Rome, June 1973, Session 5B, 
No. 221. 
10. Meirovitch, L., "Analytical Methods in Vibrations," The MacMillan 
Company, 1967. 
11. Newmark, N. M., and Rosenblueth, E., "Fundamentals of Earthquake 
Engineering," Prentice-Hall, 1971. 
12. Otani, S., Sozen, M. A., "Behavior of Multistory Reinforced Concrete 
Frames During Earthquakes,!! Structural' Research Series No. 392, Dept. 
of eivi 1 Engineering, University of Illinois, Urbana, November 1972. 
13. Otani, Shunsuke, "SAKE. A Computer Program for Inelastic Response of 
RIC Frames to Earthquakes," Civil Eng. Studies, Structural Research 
Ser i es No. 413, Un i v. of ill ina is, Urbana, Nov. 1974. 
14. Roesset, J. M., Whitman, R. V., Dobry, R., "Modal Analysis for Struc-
tures with Foundation Interaction," Journal of the Structural Division, 
ASCE, Vol. 99, No. ST3, March 1973, pp. 399-416. 
15. Tajimi, H.)lshimaru, T., "Ductility Factor Control ~1ethod," Trans. 
of Architectural Institute of Japan, No. 214, Dec. 1973, pp. 17-28. 
16. Takeda, T., Sozen, M. A., and Nielsen, N.N., "Reinforced Concrete 
Response to Simulated Earthquakes," Journal of the Structural 
Division, ASCE, Vol. 96, No. ST12, Dec. 1970, pp. 2557-2573. 
17. Umemura, H., Osawa, Y., Shibata, A., "Study on Shearing Forces in 
Structures Caused by Medium Earthquakes Recorded in Japan,'l Proceedings, 
Third World Conference on Earthquake Engineering, New Zealand, 1965, 
pp. I V 539-554. 
21 
APPENDIX I I. - NOTATION 
A Maximum characteristic acceleration for a ground motion record 
max 
E Young1s modulus for concrete 
F. Design force for frame member 
I 
F. Square root of the sum of the squares of design forces for member 
I rss 
FM First mode 
g = Acceleration due to gravity 
k 
= cross-sectional moment of inertia; - of column; - of beam; - of 
c b ai 
element i in actual frame 
frame member flexural stiffness; 
- . of substitute-frame member i 
Sl 
of actual-frame member i; 
ai 
L = length of frame member 
M = moment; -ai at end a of member i; -bi at end b of member 
N = number of stories 
P. strain energy of frame member i 
J 
RSS = square root of sum of the squares 
SAm = spectral response acceleration for mode m 
V base shear; - square root of sum of the squares of modal base 
rss 
]J 
8 
v 
shears; - b maximum value for absolute sum of any two of the 
a s 
modal base shears. 
= damping factor, ratio of value of equivalent viscous damping 
to the critical value. 
= substitute damping (Eq. 3), - . for frame member i, 
Sl 
= smeared damping (Eq. 4) for mode m of substitute structure 
damage ratio (Eq. 2), -. for member i 
i 
= end rotation; - at yieid y 
= ratio of base shear to weight of structure; - for mode m' -
m ' abs 2 
maximum for sum of any two v . - Square root of sum of v 
m' rs s m 
No. of 
stories 
2 
4 
6 
Q 
v 
10 
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Table 
Design Shear Coefficients for Frames with Rigid Beams, 
Design Spectrum A, ~ = 6 
Uniform Stiffnessa 
BaSe---si1ear--t op S ~ Shea r 
Total Weight Base Shear 
0.61 0.63 
0.31 0.41 
0.21 0.34 
f'I 1 t.. f'I ")0 
v. I v v.t:..J 
0.13 0.26 
Variable Stiffness 
Base Shear Top Story Shear 
Total Weight Base Shear 
0.60 0.67 
0.31 0.49 
0.20 0.39 
f'I 1 C f'I ..,/, 
v. I';; V • .)'*f 
0.12 0.30 
aA11 stories have the same stiffness 
bStiffness distributed to have a 1 inear first-mode shape 
Note: Shear coefficients given refer to yield capacity of structural 
elements and a characteristic base acceleration of 0.5g. 
Mode 
1 
2 
3 
1 
2 
3 
4 
5 
Uncrackeda 
Table 2 
Calculated Periods and Smeared Damping Factors for 
3, 5 and 10-Story Frames with Flexible Beams 
Pe ri od Damping Pe r i od 
Cracked b SubstituteC Facto r d Mode Uncracked a Cracked 
----
Damping 
b SubstituteC Factor d 
3-Sto ry Frame 10-Story Frame 
sec sec sec 
0.34 0.50 0.85 0.086 1 0.95 1 .58 3. 18 0.106 
0.10 0.14 0.19 0.045 2 0.30 0.49 0.87 0.081 
0.056 0.074 0.078 0.025 3 0.17 0.27 0.39 0.050 
4 o. 11 O. 17 0.22 0.038 
5-Story Frame 5 0.075 0.11 o. 14 0.032 
0.53 0.85 1 .58 0.099 6 0.056 0.083 0.093 0.027 
o. 17 0.26 0.41 0.068 7 0.043 0.063 0.068 0.024 
0.090 O. 14 0.18 0.041 8 0.035 0.051 0.053 0.022 
0.059 0.087 0.097 0.028 9 0.030 0.043 0.044 0.021 
0.046 0.065 0.067 0.022 10 0.028 0.039 0.040 0.020 
aBased on gross plain section 
bBased on transformed cracked section (assumed). 
cBased on stiffness properties from Eq. 2 with ~ = 6.0 for beams and ~ 1 .0 for co 1 umns. 
dFrom Eq. 3, 4, and 5 and for the substitute structure. 
N 
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Table 3 
Effect of Column Overstrength Factor on Damage Ratio 
5-Story Frame, El Centro 1940 EW 0.5G 
Calculated Damage Ratios 
Frame X Frame Y Frame Z 
---
Beam 5 5.2 6.9 7.9 
4 6. 1 7.3 8.3 
3 8.1 8.4 8.6 
2 8.2 8.3 8.2 
1 6.7 7.0 7.5 
Column 5T 1.5 0.96 0.85 
B 0.35 0.36 0.38 
47 3.7 2.3 0.97 
B 0.39 0.42 0.40 
3T 1.0 0.94 0.81 
B 0.77 0.78 0·75 
2T 0.54 0.49 0.43 
B 3.0 2.2 0.95 
1T 0.31 0.30 0.28 
B 0.95 0.90 0.79 
---_._--
T: top of co 1 umn 
B: bottom of column 
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Mark Location Acc./g 
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